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$:\langle u,Xv\rangle=\langle X^{*}u,$ $v\rangle(X\in \mathbb{B}(\mathcal{H}), u, v\in \mathcal{H})$ .
$\varphi$ : $\mathcal{A}arrow \mathbb{C}$ $\mathcal{A}$ $\varphi(1_{\mathcal{A}})=1$ $\varphi(X^{*}X)\geq 0,$ $X\in \mathcal{A}$




( von Neumann ). $X=X^{*}$
$E_{X}$ $\mu_{X}(B)$ $:=\varphi(E_{X}(B))$ ( $B$ $\mathbb{R}$ )
$\mu_{X}$ $X$
$\mathcal{H}$ ( )
$X$ $E_{X}(B)$ ( $B$ ) $\mathcal{A}$
$X$ $\mathcal{A}$ $X$
$\mu_{X}$ $\mu_{X}(B)$ $:=\varphi(E_{X}(B))$
1.1. $(\Omega, \mathcal{F}, P)$




$\varphi$ $E \otimes(\frac{1}{n}Tr_{n})$ $X=(X_{ij})_{1\leq i,j\leq n}$
$\varphi(X)$ $:= \frac{1}{n}\sum_{j}^{n}=1E[X_{jj}]$ $\mathcal{A}$
{ $X\in \mathcal{A}$ ; $\mathcal{F}$- } $X$ $\mu_{X}$ $X$
$\mu_{X}=E[\frac{1}{n}\sum_{j}^{n}=1\delta_{\lambda_{j}}]$
$\lambda_{j}$ $X$
$B\subset \mathbb{R}$ $\mu_{X}(B)=E[\frac{\#\{1\leq j\leq n:\lambda_{j}\in B\}}{n}]$






$\mathbb{C}[X, 1_{\mathcal{A}}]$ $X$ $1_{\mathcal{A}}$
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1.3 (Voiculescu [V85]). $X$ $Y$ $\varphi(X_{i})=\varphi(Y_{i})=0$






$X_{1}:=X-\varphi(X)1_{\mathcal{A}}\in \mathbb{C}[X, 1_{\mathcal{A}}],$ $Y_{1}:=Y-\varphi(Y)1_{\mathcal{A}}\in$




$X,$ $Y\in \mathcal{A}$ $\mu_{X+Y}$ $\mu_{X}$ $\mu_{Y}$
$\mu_{X}$ $\mu_{Y}$ $X\geq 0$ $($ $Y\geq 0)$ $\mu x^{1/2}YX^{1/2}$ (
$\mu_{Y^{1/2}}XY^{1/2})$ $\mu_{X}$ $\mu_{Y}$ $\mu_{X}$ $\mu_{Y}$
$X\geq 0,$ $Y\geq 0$ $\mu_{x^{1/2}YX^{1/2}}=\mu_{Y}2$
$XY$ $X^{1/2}YX^{1/2}$ $Y^{1/2}XY^{1/2}$
$\mu$ $G_{\mu}(z)$ $:= \int_{\mathbb{R}}\frac{1}{z-x}\mu(dx)$ ,
$F_{\mu}(z)$ $:= \frac{1}{G_{\mu}(z)}$ (Voiculescu ):
$\phi_{\mu}(z);=F_{\mu}^{-1}(z)-z.$
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1.5 (Voiculescu-Bercovici [BV93]). $\mathbb{C}^{+}:=\{z\in \mathbb{C};{\rm Im} z>0\}$ $\mathbb{R}$
$\mu,$ $v$
$\phi\mu$
$\nu$ ( $z$ ) $=\phi_{\mu}(z)+\phi_{\nu}(z)$ .




1.6 (Voiculescu [V91]). $A_{n},$ $B$ ( ) $n$
$(n\geq 1)$ .
(1) $n\geq 1$ $A_{n}$ $n$ $U$
$A_{n}$ $U^{*}A_{n}U$ $M_{n}(\mathbb{C})$ 1
(2) $A_{n},$ $B_{n}$ $narrow\infty$
$\mu,$ $\nu$
$A_{n}+B_{n}$
$\mu$ $v$ $(narrow\infty)$ . $A_{n}\geq 0$




2.1 ( [S99, SH03] ). $\mathbb{R}$ $\mu$








22.2. (1) $(X_{i})_{i\geq 1}$ $\varphi(X_{i})=0,$ $\varphi(X_{i}^{2})=1$
$X_{i}^{(n)}:=-\sqrt{n}x_{\perp}$ $X_{1}^{(n)}+\cdots+X_{n}^{(n)}$
$ID$
(2) $\lambda>0$ $n>\lambda$ $X_{i}^{(n)}$ $1- \frac{\lambda}{n}$ $0$ , $\frac{\lambda}{n}$ 1
$n$ $i$ $X_{1}^{(n)}+\cdots+X_{n}^{(n)}$
$p_{\lambda}= \sum_{n=0}^{\infty}\frac{\lambda^{n}e^{-\lambda}}{n!}\delta_{n}$ ( ).
$((1- \frac{\lambda}{n})\delta_{0}+\frac{\lambda}{n}\delta_{1})^{*n}arrow p_{\lambda}(narrow\infty)$
$ID$
2.3 ( [BV93]). $\mathbb{R}$ $\mu$ (FID)
















3: $p_{1}$ 4: $\pi_{1}$
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(2) $-\phi_{\mu}$ $\mathbb{C}^{+}$ $\mathbb{C}^{+}\cup \mathbb{R}$ ( Pick-
Nevanlinna ).












$\phi_{\mu}$ 2.5 (2) $\mu$ FID
Wigner $w$ $\phi_{w}(z)=\frac{1}{z}$ , $\phi_{\pi_{\lambda}}(z)=\frac{\lambda z}{z-1}$
[ABP10]
$\frac{i}{2},$ $\frac{3}{2}$









3.1. $0<\alpha\leq 2,$ $r>0,$ $s\in \mathbb{C}\backslash \{O\}$ $G_{s,r}^{\alpha}$ :
$G_{s,r}^{\alpha}(z)=-r^{1/\alpha}( \frac{1-(1-s(-\frac{1}{z})^{\alpha})^{1/r}}{s})^{1/\alpha}$
$F_{s,r}^{\alpha}(z)$ $:= \frac{1}{G_{s,r}^{\alpha}(z)}$ $F_{s,1}^{\alpha}(z)=z$
3.2 (Arizmendi-Hasebe [AHb]). (1) $r,$ $u>0,2\geq\alpha>0,$ $s\in \mathbb{C}\backslash \{0\}$
$F_{s,r}^{\alpha}\circ F_{us,u}^{\alpha}=F_{us,ur}^{\alpha}$
$(F_{s,r}^{\alpha})^{-1}=F_{s/r,1/r}^{\alpha}$
(2) $1\leq r<$ oo, $0<\alpha\leq 2$ 2
:
(i) $0<\alpha\leq 1,$ $(1-\alpha)\pi\leq\arg s\leq\pi$ ;








$\mu_{s,r}^{\alpha}$ $(\alpha, s, r)=(2, s, 2)$
$b_{s}$ $( \alpha, \mathcal{S}, r)=(1, -1, \frac{1}{a})$
$\frac{\sin(\pi a)}{\pi a}x^{-a}(1-x)^{a}dx, 0<x<1$
$a= \frac{1}{2}$
$\pi_{1}$ ( $\triangleright$ )
Voiculescu $\phi_{\mu_{s,r}^{\alpha}}$ 2.5
3.3. $(\alpha, s, 3.2(2)$
(1) $\mu_{s,2}^{\alpha}$ $FID.$
(2) $0<\alpha\leq 1,1\leq r\leq 2$ $\mu_{s,r}^{\alpha}$ $FI_{-}D.$
(3) $1 \leq\alpha\leq 2,1\leq r\leq\frac{2}{\alpha}$ $\mu_{s,r}^{\alpha}$ $FID.$
(4) $s$ $\mu_{s,3}^{1}$ $FID.$
(5) $\alpha>1$ $r_{0}=r_{0}(\alpha, s)>1$ $r>r_{0}$ $\mu_{s,r}^{\alpha}$ $FID$
FID
Voiculescu $\phi_{\mu}$
3.4. (1) (Belinschi et al. [BBLSIl$J$) $FID.$
(2) (Arizmendi-Belinschi $[ABJ)$ Ultraspherica1 $\frac{1}{B(\frac{1}{2},n+\frac{1}{2})}(1-x^{2})^{n+\frac{1}{2}}dx$ $n$ $=$
$0,1,2,3,$ $\cdots$ $FID.$
(3) (Arizmendi-Hasebe-Sakuma $[AHSJ)X$ Wigner
$X^{4}$
(4) (Arizmendi-Hasebe-Sakuma [AHSJ) 1 $\frac{1}{\sqrt{2\pi x}}e^{-x/2}dx(0<x<$
$\infty)$ $FID.$
(5) (Arizmendi-Hasebe [$AHaJ)[0, \infty)$ $\frac{\sin\alpha\pi}{\pi}\frac{x^{\alpha-1}}{x^{2\alpha}+2(\cos\alpha\pi)x^{\alpha}+1}dx$ $FID$
$\alpha\in(0, \frac{1}{2}]$
(6) $(Arizmendi-$Hasebe $[AHbJ,$ Hasebe $[HJ)p,$ $q>0$ $[0,1]$
$\frac{1}{B(p,q)}x^{p-1}(1-x)^{q-1}dx$ $(p, q)\in D$ $FID$ $D$ 5
(2), (4)
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(7) (Hasebe $[HJ)p,$ $q>0$ $\frac{1}{B(p,q)}\frac{x^{p-1}}{(1+x)^{p+q}}dx(0<x<$
$\infty)$ $(p, q)\in D’$ $FID$ $D’$ 6
(8) (Hasebe $[H J)q>\frac{1}{2}$ $t$ $\frac{1}{B(\frac{1}{2},q-\frac{1}{2})}(1+x^{2})^{-q}dx(x\in \mathbb{R})$
$FID$ : $q \in(\frac{1}{2},2]\cup[2+\frac{1}{4},4]\cup[4+\frac{1}{4},6]\cup\cdots$
(9) (Hasebe [$HJ)[0, \infty)$ $\frac{1}{\Gamma(p)}x^{p-1}e^{-x}dx$ $p \in(O, \frac{1}{2}]\cup[\frac{3}{2}, \frac{5}{2}]\cup[\frac{7}{2}, \frac{9}{2}]\cup\cdots$
$FID.$




( ) FID FID
FID (6) (7)
(2), (3), (6) $ID$ ( Bon-
desson [B92] $)$ . Bondesson GGC (generalized gamma
convolution) $ID$
Pick-Nevanlinna
$8 \underline{\mathfrak{l}}. -. -\urcorner-\ulcorner|!\underline{\frac{\mathfrak{i}}{\ovalbox{\tt\small REJECT}}}\neg$
$– = =——\wedge^{-}- 6 = = \underline{g^{l};\underline{--}}J.1$
$arrow$
$4 ^{-} (-|^{-}i|$
$- 2 = \ovalbox{\tt\small REJECT}^{-}\lfloor_{-\prime}L_{-L}-|$
$-6 -8 0_{0} -2 --4 -6 ---8$
5: $D$ ( ) 6: $D’$
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